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Abstract. In this paper we introduce poly-Poisson structures as a higher-order extension of 
Poisson structures. It is shown that any poly-Poisson structure is endowed with a polysymplectic 
foliation. It is also proved that if a Lie group acts polysymplectically on a polysymplectic 
" " l", manifold then, under certain regularity conditions, the reduced space is a poly-Poisson manifold. 

In addition, some interesting examples of poly-Poisson manifolds are discussed. 
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O" 1. Introduction 

Ov 

I lation of classical mechanics. Indeed, given a configuration space Q, its cotangent bundle T*Q, 

the phase space, is endowed with a symplectic structure and the Hamilton's equations associated 
to a Hamiltonian H : T*Q — > R can be interpreted as the flow of the Hamiltonian vector field 
associated with H. 



As it is well known, symplectic manifolds play a fundamental role in the Hamiltonian formu- 



Under the existence of symmetries, it is possible to perform a reduction procedure in which 
some of the variables are reduced. The interest of the reduction procedure is twofold: not only we 
are able to reduce the dynamics but it is a way to generate new examples of symplectic manifolds. 
One of the reduction methods is the Marsden-Weinstein- Meyer reduction procedure [16] : Given a 
Hamiltonian action of a Lie group G on a symplectic manifold (M, Jl) with equivariant moment 
map J: M — > g*, it is possible to obtain a symplectic structure on the quotient manifold 
J~ 1 (/j,)/G u . An interesting example is the action of a Lie group G on its cotangent bundle 
T*G by cotangent lifts of left translations and the moment map J: T*G — > q* is given by 
J{a g ) = (T e R g )*(a g ). Here, the reduced space J~ 1 (fi)/G^ is just the coadjoint orbit along the 
element \i € g* endowed with the Kirillov-Kostant-Souriau symplectic structure. 

On the other hand, the existence of a Lie group of symmetries for a symplectic manifold is 
one of the justifications for the introduction of Poisson manifolds, which generalize symplectic 
manifolds. Indeed if (M, fi) is a symplectic manifold and G is a Lie group acting freely and 
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properly on M and preserving the symplectic structure then the quotient manifold M/G is 
endowed with a Poisson structure in such a way that the projection ir : M — > M/G is a Poisson 
epimorphism. A particular example is the so-called Poisson-Sternberg structure on T*Q/G, 
which is obtained reducing the symplectic structure on T*Q after lifting a free and proper 
action of a Lie group G on Q to T*Q (see |17] for applications in Mechanics). Any Poisson 
structure induces a foliation with symplectic leaves, the symplectic foliation. For symplectic 
manifolds there is only one leaf: the manifold itself. The other interesting example is the Lie 
Poisson structure on g*, the dual space of any Lie algebra g. In this case, the symplectic leaves 
are the coadjoint orbits previously obtained as reduced symplectic spaces. 

In jlOj . polysymplectic manifolds were introduced as a natural vector- valued extension of 
symplectic manifolds. A polysymplectic structure on a manifold M is a closed nondegenerate 
Revalued 2-form on M. The physical motivation was obtain a geometric framework in which 
develop field theories for Lagrangians defined on the first-jet bundle of a trivial fibration p: M = 
N x U U, U C R fc being the parameter space of the theory. In this case, the natural 
polysymplectic manifold is LQ, the tangent frame bundle of Q. More generally, it is possible to 
consider the cotangent bundle of fc-covelocities (T£)*Q := T*Q® ®T*Q. 

In addition, in |10] the author considers polysymplectic actions of Lie groups on polysymplectic 
manifolds and the notion of a polysymplectic moment map J: M — > g* <8> R fe is introduced. 
We note that other moment map theories with different target spaces (such as Lie groups or 
homogeneous spaces [21 [31 H]) have been proposed but this one fits in a different framework. 
In addition, in this situation, it is developed a reduction procedure mimicking the symplectic 
case and, under certain conditions, a polysymplectic structure on J~ 1 (/j,)/G^ is obtained. We 
must remark here that, the assumed conditions in [10] do not assure that the quotient space 
J^ 1 (fi)/G fM is polysymplectic because this fact is based on a wrong result (see Lemma 7.5 in 
[10|). In [15], a right version of the Marsden-Weinstein reduction theorem in the polysymplectic 
setting is proved. 

As an example of the reduction procedure, a polysymplectic structure on /c-coadjoint orbits 
Ofa Hk), for (fi\, . . . G g* (g) M. k = g* x A fc . xg* is obtained. A natural question arises: Is 

there a geometric structure on g*x .v. xg* which admits a polysymplectic foliation whose leaves 
are the /c-coadjoint orbits? 

In this paper, it is proposed an answer to this question introducing the notion of a poly- 
Poisson structure as a generalization of Poisson structures as well as of polysymplectic struc- 
tures. Contrary to what would be expected, these are not just Revalued 2-vector fields. Indeed, 
if one starts from a polysymplectic structure a), one can construct a vector-bundle morphism 
ui^ : TM — > (T^)*M and the non-degeneracy of ui is equivalent to ur being injective (see Propo- 
sition [23]). However, if k > 2 this does not imply that Cj" is an isomorphism, so it does not make 
sense to take the inverse of this map. Our approach is the following one: if S := Im (or) then 
one can consider the inverse of oo° restricted to S, that is, 

A» := (w b )^ : S -»■ TM. 

Thus, this fact suggests to introduce the notion of a poly-Poisson structure as a pair (S, A"), 
where S is a vector subbundle of (T^)*M and A* : S -> TM is a vector bundle morphism 
satisfying several conditions (see Definition 13 . X [> . As for Poisson manifolds, any poly-Poisson 
manifold is endowed with a foliation, whose associated distribution is A" (£7), with polysymplectic 
leaves. Moreover, a second motivation from Poisson geometry is the following one. If G is a Lie 
group which acts polysymplectically on a polysymplectic manifold then it is possible to obtain, 
under some mild regularity conditions, a poly-Poisson structure on the reduced space M/G. 

The paper is organized as follows. In section 2, it is recalled the notion of a polysymplectic 
structure and it is obtained a characterization in terms of bundle maps. After giving some 
examples, in section 3 we introduce the notion of a poly-Poisson structure. After that it is 
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shown that any poly-Poisson manifold has associated a generalized foliation and that on each 
leaf it is induced a polysymplectic structure. In order to obtain examples, it is proposed a method 
to construct poly-Poisson structures out of a family of Poisson structures. As an application, 
given a linear Poisson structure on a vector bundle E* with base space Q, it is described a poly- 
Poisson structure on the Whitney sum E* © . . . © E* and, in particular, on the frame bundle 
LE — > Q. In section 5, it is developed a reduction procedure for polysymplectic manifolds. More 
precisely, if G is a Lie group acting polysymplectically on a polysymplectic manifold (M, Q) then, 
under certain regularity conditions, the quotient manifold M/G is endowed with a poly-Poisson 
structure. As an application, given a principal G-bundle Q —?■ Q/G with total space Q it 
is possible to obtain a poly-Poisson structure on the Withney sum T*Q/G® S k . ®T*Q/G as 
the reduction by the Lie group G of the cotangent bundle of fc-covelocities T*Q® ( k . ©T*Q. 
As a consequence, we deduce that the reduction of the tangent frame bundle LQ — > Q is the 
frame bundle of the Atiyah algebroid TQ/G — > Q/G. The paper ends with and appendix 
which contains some basic definitions and results on Lie algebroids and fiberwise linear Poisson 
structures on vector bundles. 

We finally remark that there is a relation with Dirac structures (see [9]). Dirac structures 
provide a common framework to Poisson and presymplectic manifolds. These are integrable 
Lagrangian subbundles of TM © T*M . To interpret poly-Poisson structures in this setting, we 
could consider the bundle TM © (T^)*M, which is endowed with a nondegenerate symmetric 
bilinear form with values in M. k [12]. We postpone to a future work the details of this, hoping it 
will provide a framework to analyze reduction (see, for instance, [HE]). 

Notation: If Q is a differentiable manifold of dimension n, (T^)*Q will denote the cotangent 
bundle of /c-covelocities of Q, that is, the Whitney sum of /c-copies of the cotangent bundle, 
(Tl)*Q := T*Q@ S k . @T*Q. For an element of (T 1 )*Q, the symbol " will be used to denote 
it, and subscripts without ~ to denote its components, i.e. a S (T£)*Q and a = (a±, . . . , a^) 
where on £ T*Q for i € {1, . . . , k}. The same criterion will be used for 2-forms and morphisms. 
If a € (T^)*Q are k 1-forms over the same point, X £ T p Q is a tangent vector and W C T p Q 
is a vector subspace, we write a(X) = (a\(X), . . . ,ak(X)) £ M fc for the evaluation and the 
restriction 6t\y/ = (pi-uyy, ■ ■ ■ , o>-h\w) € W* © ... © W* is just the restriction of every component. 
If a is a section of {T^)*Q and X a vector field we will write = (£>x a ii ■ ■ ■ ■> &x&k) an d if / 
is a R fc -valued function, / = (/i, . . . , fy), then we will write d/ = (d/i, . . . , d/fe). When we deal 
with the fibers of bundles over a manifold, we sometimes omit reference to base point when it 
is clear or when what are we saying is true for all points of the base manifold. 

2. Polysymplectic structures 

In this section, it is recalled the concept of a polysymplectic structure, which is one of the 
possible higher order analogues of a symplectic structure (see [TU]). 

Definition 2.1. A /c-polysymplectic structure on a manifold M is a closed nondegenerate 
valued 2- form 

k 

U) = uA ® e A 
A=l 

where {e±, . . . , e^} denotes the canonical basis o/M fc . 

Equivalently, Co can be seen as a family of k closed 2-forms (uj 1 , . . . ,u k ) such that 
(2.1) n^ =1 Kerw A = 0. 

The pair (M,Q) = (M, cu 1 , . . . ,ui k ) is called a /s-polysymplectic manifold or simply a polysym- 
plectic manifold. 
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Remark 2.2. It is clear that the notion of a 1-polysymplectic structure coincides with the defi- 
nition of a symplectic structure. 

Polysymplectic structures can be thought of as vector bundle morphisms, obtaining an equiv- 
alent definition of polysymplectic manifolds. 

Proposition 2.3. A /c-polysymplectic structure on a manifold M is a vector bundle morphism 
: TM — > (T^)*M of the tangent bundle TM to M on the cotangent bundle of k-covelocities 
of M satisfying the conditions: 

i) Skew- symmetry: 

u\X)(X) = (0,...,0), X G T p M, p e M. 

ii) Non degeneracy (ur is a monomorphism) : 

Ker (u) b ) = {0}. 

iii) Integrability condition: 

(2.2) uJ>([X,Y}) = L x uj\Y)-L Y ^(X)+d{u} b (X)(Y)), X,YeX(M). 

Proof. Let cD b : TM — > (T£)*M be a vector bundle morphism (over the identity of M). Then, 
condition i) is equivalent to the existence of k 2-forms w 1 , . . . , oj k on M such that 

Cj\x) = ((w^PO, . . . , {u k )\X)), for X G TM. 

On the other hand, ii) holds if and only if 

n^ =1 Kerw A = {0}. 

Finally, using the following relation 

iyixd® + $ b [X, Y] = Lx$\Y) - L Y ^(X) + d(<S>\x)(Y)), for X, Y G £(M), 

which is valid for any arbitrary 2-form $ on M, we deduce that (|2.2p holds if and only if uj a is 
a closed 2-form, for all A. This proves the result. ■ 

Next, an interesting example of a polysymplectic manifold will be presented. 

Example 2.4 (The tangent frame bundle [IB]). Let LM be the tangent frame bundle of M, that 
is, the elements of LM are pairs (to, {e^}), where {e^}, i = 1, . . . n, is a linear frame at m G M. 
There is a right action of GL(n), n = dim M, on LM by 

(m,e*) • g = (m,eigij), for (m,e*) G LM,g = (g i:j ) G GL{n). 

With this action LM — > M is a principal GL(n)-bundle. 

On LM there exists a canonical vector- valued 1-form $ G fi^LM, M n ), called the soldering 
one-form, which is defined by 

0(u): T U (LM) -»• M n 

X ^ 0(«)PO = n- 1 (T u vr(X)), 

where 7r : LM — > M is the canonical projection and u = (m, e.j) G LM is seen as the non-singular 
linear map u: R n -> T m M, (v 1 , . . . , i> n ) h-> £? =1 t/e*. 

The soldering one-form endowes LM with a n-polysymplectic structure given by 

u = -d&. 

(for more details, see [IS]). o 
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Next, it will be shown a method to construct a polysymplectic structure out of a family 
of symplectic manifolds. Indeed, this construction is the model for a regular polysymplectic 
manifold. 

Example 2.5. Let (Ma,Q A ) be a symplectic manifold, with A 6 {1, ... , k}, and tta- M — > Ma 
a fibration. Denote by oj a the presymplectic form on M given by 

oj A = TT A (n A ), for Ae{l,...,k}. 

It is easy to prove that oj a has constant rank. In fact, 

Ker u A = Ker (Tir A ), 

where Ttta '■ TM — > TMa is the tangent map to tta '■ M —¥ Ma- Thus, we deduce that the family 
of 2-forms (lo 1 , . . . ,oo k ) on M define a fc-polysymplectic structure if n^ =1 Ker {Tit a) = {0}. 

Conversely, if (w 1 , . . . , uj k ) is a fc-polysymplectic structure on a manifold M and the 2-forms 
ui A have constant rank then the distributions Ha, with A 6 {1, . . . , k}, given by 

x e M -»■ = Ker (w A (x)) C T^M 

are completely integrable (this follows using that oo A is closed). In addition, if the space of 
leaves Ma = M/3 'a of the foliation J 'a is a quotient manifold, for A £ {1, ... ,k}, and tta '■ M — > 
Ma = M/Ha is the canonical projection, we have that the 2-form oj a is basic with respect to 
tta- Therefore, there exists a unique 2-form Q A on Ma satisfying 

oj A = Tr A (n A ). 

Finally, since the map ir A : QP(Ma) —> SW{M) is a monomorphism of modules, we deduce that 
fl A is a symplectic form on Ma- o 

Some particular examples of the previous general construction are the following ones. 

Example 2.6 (The product of symplectic manifolds). Let (Ma,Q a ) be a symplectic manifold, 
with A £ {1, ... ,k}, and M = Mi x . . . x Mj.. Then, it is clear that M admits a fc-polysymplectic 
structure (w 1 , . . . , oo k ). It is sufficient to take 

oj A = pr* A (n A ), for A £ {1, ... , k}, 

where pr^: M — > Ma is the canonical projection from M on Ma- 

Example 2.7 (The cotangent bundle of fc-covelocities of a manifold). It is well known that, given 
an arbitrary manifold Q, its cotangent bundle T*Q is endowed with a canonical symplectic 
structure in the following way. If 9 is the Liouville 1-form on T*Q then uj = —d9 is a symplectic 
2-form on T*Q (see, for instance, [Tl 113]). 

Next, using this symplectic structure and the previous general construction, we will obtain a 
/c-polysymplectic structure on the cotangent bundle of fc-covelocities (T^)*Q := T*Q® A fe . @T*Q 
of Q. Denote by ttq: (T^)*Q — > Q the canonical projection and by tTq A : [T^)*Q -4 T*Q the 
fibration defined by 

7TQ ,j4 (ai, ...,a k ) = a A , for A € {1, . . . k}. 

If (q l ) are local coordinates on U C Q, then the induced local coordinates (q l ,p A ) on (vtq)~ 1 (?7) 
are given by 

?*(«?.■■■.«?) = ?*(?). ^K.---.«D = «a(^? ). l<i<n;l<A<fc. 

Moreover, the local expression of 7rQ ,j4 is 

^ A ( q \p},...,p k ) = (q\p A ). 

Then, it is clear that 

n^ =1 Ker (r^' A ) = {0}. 
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Therefore, (w 1 , . . . , u k ) is a /c-polysymplectic structure on (T^)*Q, where ui A is the 2-form on 



k ■ 

(Tl)*Q defined by 

A t k,A\* 
U = (tTq ) u. 

Note that the local expression of uj a is 

(2.3) uj A = dq* A dpf . 

Remark 2.8. Let Q be a manifold of dimension n. Then, from Example 12.41 the tangent frame 
bundle LQ is endowed with a polysymplectic structure — di9. On the other hand, we have just 
seen that the cotangent bundle of n-covelocities, (T^)*Q, also is a polysymplectic manifold. 

In addition, LQ is an open subset of (T^)*Q, where the inclusion i: LQ — > (T^)*Q is given by 
u i— > (pr x o u , . . . ,pr n o Note that, ir = ttq o where ir: LQ — > Q and 7Tq: (T^)*Q — > Q 

are the projections. Let us see that the restriction of the poly-symplectic structure on (T^)*Q 
is just d$. More precisely, let us show that 



where {e\, . . . , e n } denotes the canonical basis of R n , 9 is the Liouville 1-form, vr™' : (T%)*Q -> 
T*Q is the projection on the A-factor, for A € {1, . . . n}, and # is the soldering 1-form. If 
(X u ...,X n ) €T((T n 1 )*Q) then 

= J>q' A )*(#) ® (p ri o u-i, . . . , pr n o u-^Xx, . ..,X n ) 

= (pr^o n-HTTTQ^!)), . . . , pr n o ^(T^X,,))) = U - 1 {T-k{X u X n )) 

= V(u){X u ...,X n ). 

Example 2.9 (/c-coadjoint orbits |10| 115]). In this example, it is described a /c-polysymplectic 
structure on every /c-coadjoint orbit associated with a Lie group G. In the particular case when 
k = 1, it is recovered the standard symplectic structure on the coadjoint orbits of G. 

We will recall the definition of such a structure. Let G be a Lie group and g be its Lie algebra. 
Consider the coadjoint action 

Coad : Gxg* -> g* 

(g,(j,) ^ Coad(g, fi) = fio Ad g -i. 

The orbit of /i € g* in g* under this action, denoted by 

At = {Coad(<7,^) | geG}, 

is equipped with a symplectic structure oj^ defined by 

(2-4) oj fl (v)(t B *(v),ri B *(v)) = -u[t,ri] 

where v is an arbitrary point of 0^, £,77 € g and £ g * (v), r] g * (v) are the infinitesimal generators 
of the coadjoint action associated with £ and r\ at the point v (for more details see, for instance, 
[D p. 303]). 

The extension to the polysymplectic setting is as follows. Define an action of G over g* x .v. 
xg* by 

Coad fc : G x g*x xg* -> g*x A fc . xg* 

h-> Coad fc (g,^i,...,/i fc ) = (Coad (5, /ii),..., Coad (5,^)) 
which is called the k- coadjoint action. 
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Let fj, = (/ii, . . . , Hk) be an element of g*x S.. xg*. We will denote by M = 0^ ^^ 
the fc-coadjoint orbit at the point fj, = (fii, . . . ,fj,k)- If £ G then it is easy to prove that the 
infinitesimal generator of Coad fc associated with £ is given by 

( 2 - 6 ) Vx.^xfl*)^ 1 '"""'^ = (^•( ,/ i)>---^fl*K)). for (i^i,...,^) G 0*x x 5 *. 

On the other hand, the canonical projection 

pr A : q*x xq* -> g*, (z/i, ... ,i/ fc ) i-> i/ A , 

induces a smooth map 7r^: 0^ = 0u lt ... tfJ , k ) — > 0^ between the fc-coadjoint orbit M and the 
coadjoint orbit 0^ A . Moreover, using (j2.6j) . we deduce that tta is a surjective submersion and, 
in addition, 

n^ =1 Ker (Tvr A ) = {0}. 
Now, we consider the family of 2-forms (w*, . . . on 0^ = O/^.^o given by 

w ^ = ^M^/m)' for ever y ^ G {1, . . . , fc}> 

where uj^ a is the symplectic 2-form on 0^ A . Then, (oj^, . . . ,uj^) is a /c-polysymplectic structure 
on M = 0( /Ltl> ... ijUfc ) (for more details, see [US US])- ° 

3. K-POLY-POISSSON STRUCTURES 

In this section, we will generalize the notion a k-polysymplectic structure dropping certain 
non-degeneracy assumption, as Poisson structures generalize symplectic structures. More pre- 
cisely, 

Definition 3.1. A /c-poly-Poisson structure on a manifold M is a couple (S, A"), where S is a 
vector subbundle of (T^)*M = T*M0 @T*M and A s : S ->• TM zs a vector bundle morphism 
which satisfies the following conditions: 

i) a(A»(a))_=0/oraeS. 

ii) J/a(A*(/3)) = /or every (3 e S then A* (a) = 0. 

iii) If a, (3 G r(5') ore sections of S then we have that the following integrability condition 
holds 

(3.1) [A«(a), A»(/3)] = A« (£ AB(c5) ^ - £ A ^ } d - d(^(A»(a)))) . 

77ie triple (M, S, A") u>iZZ 6e called a £;-poly- Poisson manifold or simply a poly- Poisson manifold. 

^4 k-poly-Poisson structure is said to be regular if the vector bundle morphism A" : S C 
(l£)*M TM /ias constant rank. 

Lemma 3.2. Xei (S, A") 6e k-poly-Poisson structure on M . Then, 

a(A tt 03)) = -/?(A tt (d)), for a, peS. 

Proof. _By Definition Oi)_we have = (a + /9)(A*(d_+/9)) = a(A*(a)) + d(A»(/3)) + /9(A«(a)) + 
/?(A»(/3)) = d(A#(/3)) + /3(A*(a)) and this implies a(A*G0)) = -/3(A»(a)). ■ 

As one would expect, polysymplectic manifolds are a particular example of /c-poly-Poisson 
manifolds, as it is shown in the following example. 

Example 3.3 (Polysymplectic manifolds). Let (M, Co) be a polysymplectic manifold. Since uf is 
a monomorphism, S := Im (u) ) is a vector subbundle of (T£)*M. Moreover, we consider 

A» := {o^V}: S -> TM. 
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Clearly, i) in Definition 13.11 is equivalent to i) in Proposition 12.31 On the other hand, if a = 
dj"{X) € S satisfies 

a(A*(/3)) = 0, for every /3 € S, 

this implies that u>^(X) = 0. But, using that Cj° is a monomorphism, we deduce that A" (a) = 
X = 0. Thus, ii) in Definition 13 . 1 1 holds . 

Finally, the integrability condition (|3.ip is equivalent to iii) in Proposition 12.31 Indeed, if 
a,P € r(<5) then, using (|2.2p and Lemma [33] it follows that 

^[A«(a), A«(/3)] = L Kt{5t) (3 - L Am a - d(^(A«(a))). 

which implies that (|3.ip holds. 

It is not difficult to prove that polysymplectic structures are just poly-Poisson structures 
satisfying the non-degeneracy condition 

Ker(A*) = {0}, 

which just says that A" is an isomorphism (note that, using Lemma E7J Ker(A^) = (Im A**)° = 
{a € {Tl)*M | a(X) = 0, for every X 6 Im A"}). o 

It is clear that Poisson manifolds are 1-poly-Poisson manifolds. Indeed, if II is a Poisson 
structure on M then (5 = T*Af,IT tl ) is poly-Poisson, where n" : T*M -> TM is the vector 
bundle morphism induced by the Poisson 2-vector IT. Moreover, it is well known that the 
generalized distribution 

pEM -> IF (T p *M) C T p M 

is a symplectic generalized foliation (see, for instance, |20j). Next, we will prove that a fc-poly- 
Poisson manifold admits a /c-polysymplectic generalized foliation. 

Theorem 3.4. Lei (S 1 , A") be a k-poly-Poisson structure on a manifold M. Then, M admits a 
k -poly symplectic generalized foliation 3~ whose characteristic space at the point p G M is 

J(;p) = A»(5 P ) C T p M. 

3" zs said to be the canonical /c-polysymplectic foliation of M . 

Proof. Using that S is a vector subbundle of (T fe 1 )*M, we can choose a local basis {a±, . . . , a r } 
of the space r(iS) of sections of S. Thus, it is clear that {A"(ai), . . . , A"(a r )} is a local generator 
system of 3" which implies that 3" is locally finitely generated. Integrability condition of the 
poly-Poisson structure (Equation ()3.ip ). makes this distribution involutive. Therefore, 3" is a 
generalized foliation. 

Next, let us prove that each leaf i : L — > M of 3" is endowed with a /c-polysymplectic structure 
uj h :TL^r {Tl)*L. Given X € T p L = 3(p) there exists a G S p such that A#(a) = X. Then, 

(3.2) w b (A) = fa. 

First, we will show that uj" is well defined. Assume that X = A* (a) = A^^). Then A"(a-/3) = 
and, using Lemma [3721 

= 7(A s (a-^)) 
= -(«-£)(A«(7)) 

for any j £ S. As a consequence, t*(a — f$) = 0. 

It is easy to see that Cd b is injective. Indeed, if X = A" (a) then ui (X) = is equivalent to 
a(A tt (7)) = for all j & S. But condition ii) of Definition EO implies that X = A b (q) = 0. 
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To prove the integrability condition (|2.2p . it is enough to prove the relation for a generating 
subset. Choose a\, ... ,a r a local basis of T(S) and denote Xi = A»(cei), i = 1, . . . , r, which 
generates the foliation 3". Taking two elements Xi = M(ai), Xj = A"(aj), using (|3,ip . we have 

[Xi,Xj] = A" [C^^aj - L M{Blj) ai - d(a j (A tl (ai)))) . 

Applying ur to both sides of the equation, from the fact that Co o A" (a) = o*a, t being the 
inclusion from the leaf into the manifold M, this is just 

u> b {[Xi, Xj]) = i* {£> M{5li) aj - L Mi£tj) ai - d(a i (A tt (a i )))) , 

and, from Equation (|3.2p and the properties of Lie derivative and pull-back, we have 

><* (^(a^j ~ ^AH^i ~ d(a J (A»(a J )))) = ^x^{X,) - L Xj Co\Xi) - d(fl b (^-)(*i)), 
so the integrability condition for Co holds. ■ 

Example 3.5. Let (M, Co) be a connected polysymplectic manifold and consider the corresponding 
poly-Poisson manifold (M, S, A"). Then, from Example 13.31 the distribution A" (5) is just TM. 
Thus, there is only one leaf, the manifold M, and the poly-symplectic structure on it is just Co. 

Next, we will prove a converse of Theorem 13.41 

Let M be a smooth manifold, S a vector subbundle of (T^)*M and A^ : 5 — > TM a vector 
bundle morphism such that conditions i) and ii) in Definition 13.11 hold . If p is a point of M, we 
can define the nondegenerate Revalued 2-form Co{p) : A"(«S P ) x A}(S P ) — > M. k on the vector space 
A^Sp) given by 

w(p)(A»(a p ), A»(y9 p )) = a p (A«(4)), for a p J p G 5 p . 
In fact, since a(A"(/3)) = — /9(A*(ct)) for a,j3 G 5, we deduce that u)(p) is well-defined. 

Now, assume that the generalized distribution JonM defined by 

peM ->• = A tt (S p ) C T p M 

is involutive. Then, since 3" is locally finitely generated, we have that 3" is a generalized foliation. 

In addition, if L is a leaf of 3 r then the restriction of (D to L induces a nondegenerate Re- 
valued 2-form ul on L. Therefore, if Col is closed we deduce that Col defines a fc-polysymplectic 
structure on L. 

We will see that if this condition holds for every leaf L then the couple (S,M) is a /c-poly- 
Poisson structure on M. Indeed, the result follows using Proposition 12.31 (more precisely Eq. 
P^jll and the fact that 

Co L (k\a)\ L ) = L*a, for a G T(S), 

where t: L — > M is the canonical inclusion and we also denote by Col the vector bundle morphism 
between TL and (T^)*L induced by the M fe -valued 2-form Col- 

In conclusion, we have proved the following result. 

Theorem 3.6. Let S be a vector subbundle of (T^)*M and A ( :K (T fe 1 )*M ->■ TM a vector 
bundle morphism such that: 

i) a(A*(a)) = 0, for a G 5, ana 

ii) if a(A$(f3)) = /or every (3 £ S then A" (a) = 0. 

Assume also that the generalized distribution 

peM ->• = A tt (S p ) C TpM 
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is involutive and for every leaf L the corresponding K fc -valued 2-form lul on L (induced by the 
morphism A*) is closed. Then, the couple (S, M) is a k-poly-Poisson structure on M and 3" is 
the canonical k-polysymplectic foliation of M . 

Next, we will discuss a construction which allows to obtain some examples of /c-poly-Poisson 
manifolds. This can be seen as a foliated version of the one presented in Example 12.51 For this 
purpose, we will use Theorem 13.61 

Let M A be a Poisson manifold, with A G {1, . . . , k}, and tta '■ M —¥ Ma a fibration. Denote 
by A A the Poisson 2-vector of Ma and by 3 'a the symplectic foliation in Ma- Assume that 3" is 
a generalized foliation on M such that 

i) For every p G M 

(3.3) (T p Tr A )(?(p))=f A (* A (p)). 

ii) For every p G M 

(3.4) ( H k A=1 Ker (T p tt a )) n 3(p) = {0}. 

We will show that every leaf L of 3" admits a /c-polysymplectic structure. We will proceed as in 
Section [2j 

Let p be a point of M, L the leaf of 3" over the point p and La the symplectic leaf of Ma 
over the point ir A (p), for every A G {1, . . . ,k}. First of all, we will define a /c-polysymplectic 
structure {ui\{p), . . . , w£(p)) on the vector space 3~(p) = T p L. In fact, if VIl a {^a{p)) is the 
symplectic 2-form on the vector space 3^a{^a{p)) = T wa ( p )La then 

(3-5) wf(p) = {i;x A ){n LA {n A (p))). 

Remark 3.7. If u, v G 3"(p) = T p L, we have that 

(T p tta)(u) = A A {a A ), (T p tta)(v) = A A A ), with a A , Pa E K a{j)) M a . 

Thus, since 

O iA (^(p))(A» l (5 A ),A« 1 (^)) = 5 A (A\(^)), 

we obtain that 

(3.6) u A (u,v) = a A (A A A )). 

o 

From ([231), <GEH> and <[33|> - it follows that (w£(p), . . . , w£(p)) is a /c-polysymplectic structure 
on the vector space $(p) = T p L, that is, 

(3.7) nJU Ker (w£(p)) = {0}. 

Therefore, L admits an almost /c-polysymplectic structure (w^, . . . , i.e., is a 2-form on 
L, for every A G {1, . . . , k}, and 

n^iKer w £ = {0}. 

In addition, using (|3.3p . ()3.4p and the fact that Ql a is a closed 2-form on L^, we deduce that the 
2-forms ui A are also closed and . . . ,uj k L ) is a /c-polysymplectic structure on L. Consequently, 
3~ is a /c-polysymplectic foliation. 

Now, we will introduce a vector subspace S(p) of (T£ )*M and a linear epimorphism A" : S(p) C 
(T fc x )*M -> 3"(p) C T P M. 

From ()3.3p and (|3.4p . we have that the linear map T p 7r: 3~(p) — >■ 3i(7Ti(p)) x . . . x 3'fc(vr/ c (p)) 
given by 

(T p vr)(n) = ((r p 7Ti)(«), . . . , (T p 7r k )(u)), for it G 3"(p), 
is a linear monomorphism. 
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Next, we define 

S(p) = {((r^ 1 )(5 1 ),...,(T;7r fc )(5 fc ))e(T 1 );M|3 U e3-(p)and 
1 ' ' (T p vr)(n) = (A»(5 1 ),...,A«(5 fc ))} 

and the linear epimorphism A" : S(p) C (T^)*M — >■ 3~(j>) by 

A»((r p *7ri)(5i) ) ... ) (T p *7r fc )(5 fe )) = «, * (2»(u) = (A» (Si), . . . , A* (5 fc )). 

Note that A" is well-defined because T p tt is injective. Moreover, we will see that the couple 
(S(p),A«) satisfies conditions i) and ii) in Theorem 13.61 

First, if 

a= (ai,...,Q fc ) = ((r*7ri)(ai),...,(r^7r fc )(5jfe)) G S{p) 

it follows that 

a A (A tt (a)) = a A {{T p ir A )(u)) = a A {A A {& A )) = 0, for all A. 
Furthermore, if for every (3 G S(p) 

q(A B (^)) = 

then we will prove that A* (a) = 0. Indeed, suppose that u = A" (a) G 3(p). This implies that 
(7> A )(u) = A A (a A ). Now, let v be an arbitrary element of 3~(p). We have that 

(T p ir A )(v) = A A A ), with p A G K Aip) M A , 

for every A € {1, ... , fe}. Thus, 

= ((TpVOGSi), . . . , (T;vr fc )(A)) g s(p) 

and 

= a A {AHfi)) = a A (A A ((3 A )), for every A G {1, . . . , fc}. 
Therefore, using f|3 . 6|> . it is deduced that 

= U)l(p)(u, v), for every A G {1, . . . , A;}. 

Consequently, from (|3.7p . we obtain that 

= u = A tt (a). 

So, if the assignment 

p e m ^ 5(p) c (t^);m 

defines a vector subbundle of (T^)*M then, using Theorem 13.61 it follows that the couple (S, A") 
is a /c-poly-Poisson structure on M with canonical /c-poly-symplectic foliation 9". 

We will see that this construction works in some interesting examples. 

Example 3.8 (The product of Poisson manifolds). Let (M A ,A A ) be a Poisson manifold, with 
Ae{l,...,k}, and M the product manifold M = M x x . . . x M fc . Denote by tt a : M -> M A the 
canonical projection and by 3^ the symplectic foliation in Ma. 

We consider the foliation 3~ in M whose characteristic space at the point p = (pi, . . . ,pk) G 
Mi x ... x M k = M is 

Hp) = ?(pi, • • • ,Pfc) = Si(pi) x ... x J fc (p fc ) C T P1 M! x ... x T Pk M k ^ T p M. 

It is clear that (|3.3|) and (|3.4|) hold. Thus, the leaves of 3" admit a /c-polysymplectic structure. 
If p = (pi, . . . ,pk) G Mi x ... x Mfc = M then, in this case, the map 

7>: J(p) ->Ji(pi) x ... x 9*(p fc ) 

is a linear isomorphism. This implies that 

S(p) = {((2jiri)(5i), . . . , (r;vr fc )(5 fc )) G (j£)*M | 5 A G T^M^, for all A}. 

In other words, 

%) = t; i(i>) Mi x ... x r; fc(p) M fe - t;m. 
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Therefore, the assignment 

P 6 M -> S(p) C (T£)*M 

is a vector subbundle of (T^)*M of rank m, with m = Y2a=i mA anc ^ 771 ^ = dim Ma, which 
may be identified with the cotangent bundle T*M ->Mto M. 

Under this identification, the vector bundle morphism 

A* : S ^ T*M = T*Mi x . . . x T*M k -> J C TM = TMj x . . . TA4 

is given by 

A tt (5i,...,5 fc ) = (A}(Si),...,A[(a^)), 
for (5i, . . . , 5 fc ) G T*Mi x ... x T*M k . o 

Example 3.9 (The Whitney sum E* k = E*@ ©£*, with E a Lie algebroid). Let t e : E -> Q 
be a Lie algebroid of rank n over a manifold Q of dimension m, Ae* the fiberwise linear Poisson 
structure on the dual bundle E* to E and 3~#* the symplectic foliation associated with A^* (see 
Appendix). 

We consider the Whitney sum E k = E* © . . . © E* . It is a vector bundle over Q whose fiber 
at the point q G Q is (E£) q = E* x ... x E*. We will denote by t e * : El ^ Q the vector bundle 
projection. 

If a = (ax, ■ ■ ■ , oik) G (E k ) q we have that 

T a E* k = {(Si,. ..,v k )€ T ai E* x ... x T ak E* \ (T aA T E ,)(v A ) = (T aB r E *)(v B ), for all A and B}, 

where t e * : E* — s> Q is the vector bundle projection. Thus, if a a G T* a E* for every ^4 then, 
using (|A.3|) (see Appendix), it follows that 

(A^(5 1 ),...,A^(5 fc ))GT«^ 

if and only if 

«A o l A °P*e\t*q = aB°l B °P*e\t*q, for all A and B, 
p E : E — >■ TQ being the anchor map of £7, p^: T*Q — >■ £7* the dual morphism of /je and 
Y ac : E* — > T ac E* the canonical isomorphism between E* and T ac E*, for every C G {1, . . . , k}. 

Denote by tt a ■ Et — > E* the canonical projection given by 

TT A (ai, ... ,a k ) = a A , for (ax, - ■ ■ ,a k ) G E k . 

Then, it is clear that tt a : E^. — > E* is a surjective submersion. In fact, 

(3.9) (Ta7r A )(vi,. ■ ■ ,v k ) =v A , for (vx, ■ ■ ■ ,v k ) G T a E k . 

Now, let 3~ be the generalized distribution on E k whose characteristic space at the point a = 
(ax,...,a k )e (E* k ) q is 

1(a) = {(K E , (ax),..., A%. (a k )) £ T ai E* x . . . x T ak E* \ a A £ T* A E* and 

(3-10) 

Note that the condition a a ° v r-\ = ®b ° v r-\, for all A and B, implies that 

(A^(5i),...,A«,.(a fc ))€T a ^. 

Next, we will prove that 3" is a generalized foliation on El. First of all, we will see that 3" is 
locally finitely generated. 

Let (q l ) be local coordinates on an open subset U C Q and {e a } be a local basis of r(r^ 1 (?7)). 
Denote by (q l ,p a ) the corresponding local coordinates on E*. Then, we have local coordinates 
(q\p£) on £* = £*©...© E*. In fact, if a G r^([/) 

g l (a) = g l (t£. (a) ) , (a) = p a {^A (at) ) , 

for i G {1, . . . , m}, a G {1, . . . , n} and A G {1, . . . , /c}. 
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Moreover, 



A) 

{(0, ...,A%. (dq l ), . . . , 0), (A^,. (d Pa ), . . . , A*,. (dp a )) | i G {1, . . . , m}, a G {1, . . . , n} 

and A G {1,... ,&}} 

is a local generator system of 3". Thus, using (|A.2[) . it follows that 

+ ZIrP^— I * e {1, • • • , m}, a 6 {1, . . . , n} and A G {1, . . . , k}} 



Q p B 



is a local generator system of 3", where (p l p, C^) are the local structure functions of E. Therefore, 
3" is locally finitely generated. 

On the other hand, from (jA.ip . we deduce that 



„* 9 J _d_ , 



B d 



J JL i P7 



7 9 J _0 , p6» B d 

7 drfZ'PVdqj + 3^? 



J 9 



(J JL 



pO n A 8 



-A 9^ al i i j 8 \ 



, k}, satisfying 



This implies that 3" is involutive. Consequently, 3~ is a generalized foliation on Et. 

Now, we will prove that conditions (|3.3p and (|3.4|) hold for the foliation 3". We have that 

3>(a) = A^(T*E*), for a G E*. 
Thus, from (|3.9|) and (|3.1Up . it follows that 

(T ci 7r A )(3 r (a)) C 3 E *(Tr A (a)), for q££| and A G {l,...,fc}. 
Moreover, if A G {1, . . . , k} and «a G 3~£* (tta(«)) then 

^ = a^(5a), with s A g t; a{ - } e*. 

In addition, it is easy to prove that we can choose o>b G T*,-sE*, with £> G {1, 

Therefore, (A^*(Si), . . . , A^»(5fe)) G 3 r (a) and, using (|3.9p . we deduce that 

(T (5 7r A )(A^(5i),...,A^(5 fc )) = A^(5 A ) = v A . 
This proves (|3,3p for the foliation 3\ 

On the other hand, using again ()3.9p . we obtain that 

n A=1 Ker (T^tta) = {0} 
and, as a consequence, (|3.4p also holds for the foliation 3". 

Next, we will see that the assignment 

a g El -> 5(a) C (T, 1 )^ 
defines a vector subbundle of (T£)*-Ej£. 



In fact, if a G £7!! then, from 



we have that 



(3.11) 



S(a) 



: {((!>!)(«!), . . . , e (2*)^ | 5 A G T* a(s) £* and 

*A ° ^(a) = a B * l B (a) for a11 A and 5 ) 
This implies that the assignment 

aGE* k ^ 5(a) C (1*)^ 
defines a vector subbundle of (T^)*E^ of rank mk + n. 
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Moreover, in this case, the linear epimorphism 

A* : S(a) C {TDlEl 3"(a) C T a ^ C T Wl(a) E* x . . . x T^i?* 

is given by 

A»((^7r 1 )(5i) I . . . , (T> fc )(a fc )) = (A^(5!), . . . , A^.(a fc )). 

From the above results, it can be concluded that the couple (S, A") is a fc-poly-Poisson structure 
on E%. o 

Remark 3.10. If we consider the particular case when E is the standard Lie algebroid TQ 
then it is clear that E£ is the cotangent bundle of /s-covelocities (T£)*Q. In addition, a direct 
computation proves that the couple (S, A") is just the £>poly- Poisson structure induced by the k- 
polysymplectic structure on {T k )*Q which was described in Example 12 .71 Note that the fiberwise 
linear Poisson structure on T*Q induced by the standard Lie algebroid structure on TQ is just 
the canonical Poisson structure associated to the canonical symplectic structure on T*Q (see 
Appendix). 

On the other hand, if E is a Lie algebra g, then E k is just k copies of g*, the dual of the 
Lie algebra, which will be denoted by g£. Moreover, using the trivialization T*g* = g x g*, it 

is deduced that (T^)*Q* k = Q* k x (g^x A fc . xg^), g^ being k copies of g. Under this identification, 
given a point fi = (//i, . . . , (if.) G g£, S is defined by 

(3.12) S(fi) = {(pt, ((£, 0, . . . , 0), (0, £, • • • , 0), . . . , (0, 0, . . . , £))) | C G 0} 
and A" is characterized by the following expression 

(3.13) A«>,((£,0,...,0),(0, 0),...,(0,0,...,£))) = (od^i, ad|// 2 , • • • , ad^ k ) 
(3-14) = 

Therefore, from f|2.6|) . we have that each polysymplectic leaf is a A:-coadjoint orbit of Example 



Another interesting example, which generalizes the previous one, is the Atiyah algebroid of 
a G-principal bundle Q — > Q/G = M. In this case, the Lie algebroid is the vector bundle 
TQ/G ->• M. In sectiongl we will describe the poly-Poisson structure on T*Q/G® ®T*Q/G 
as a consequence of a reduction procedure. o 

Example 3.11. An example closely related with Example l3.9l is the following one. Given a vector 
bundle r^? : E — > Q of rank n over a manifold Q of dimension m, its frame bundle is the bundle 
LE — > M whose fiber at q G Q is the set of linear isomorphisms at E q , i.e., u G (LE) q if 
it : R n — )• £^ is a linear isomorphism. 

The frame bundle is a GL(n)-principal bundle. More precisely, if u G LE and g G GL(n) 
then ii • 5 is just the composition. Moreover, we have that LE is an open subset of the Whitney 
sum E* = E*0 0E*. 

Now, if te '■ E — > Q is a Lie algebroid with A^;* the fiberwise linear Poisson structure on the 
dual bundle E* to .E, then LE is endowed with a poly-Poisson structure. Consider the maps 
ix a '■ LE — > E* given by 

u G LE i-> 7Tyi(it) = pr^ o u" 1 . 

Note that these maps are just the restriction to LE of the canonical projections tta- E* — > E* , 
^4 G {1, . . . , n}, of Example 13.91 Thus, taking the foliation 9" of the same example restricted to 
LE, one immediately deduce that LE is endowed with a poly-Poisson structure. o 



Next, it will be considered a different type of example of a poly-Poisson structure, motivated 
by singular Lagrangian systems. 
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Example 3.12 (/c-poly-Poisson structures of Dirac type). One of the typical examples of Poisson 
structures is given by the so-called Poisson structures of Dirac type, which are useful for dealing 
with singular Lagrangian systems. Let (M, u) be a symplectic manifold and let D denote a 
regular involutive distribution on M such that D n D 1 - = where _L is used to denote the 
symplectic orthogonal (recall that given a vector subspace W C T p M, W 1 - = (w b ) _1 (W ) where 
° denotes the annihilator) . Then, one may define a Poisson structure Ad on M just by describing 
the associated bundle map in the following way: 

A D {a) =po(J)- 1 ( a ), (aGT*M), 

p : TM — > D being the projection over D (note that TM = D © D^~). It can be seen that 
defined in this way is a Poisson structure. Furthermore, the associated symplectic foliation is 
just D (for more details see, for instance, [20j[ 3.8]). 

We are going to extend this construction to the poly-Poisson context. Let (ui, . . . ,u)k) be a 
/c-polysymplectic structure on a manifold M of dimension m and D be a regular and involutive 
distribution of rank r on M. In addition, assume that D satisfies 

(3.15) D(p) n D ± (p) = {0}, for every p £ M, 
where, in this case, D 1 - is defined by 

D^{p) := n>[ =1 (co>rHD°(p)). 
First, define S as the vector subbundle of (T^)*M whose fiber at p £ M is 

S(p) = {a = (ai, . . . , a k ) G (7fe)*M | 3X G D(p) such that a|D(p) = w b (X)| D(p )}. 
Note that, if ld(p)'- D(p) — > T p M is the canonical inclusion, then the dimension of the space 
S(p) = [(''Dip)* x ... x ld(p)*) °w (p)](-D(p)) is just r = dim D(p) = rank D (this follows using 
(|3.15p ). Thus, since 

S(p) = (i D (p)*x...Xi D (p)*)- 1 (S(p)) 
we conclude that the rank of S is r + (m — r)k. 

Next, the morphism A" : S — > TM is defined as follows: If a € S then there exists X € D 
such that uj (X)\£) = am. Thus, 

A fl (a) = X 

AH is well defined: if X, Y G D and w b (AT)| D = ^(Y)\ D , then I-7e £>-*-. Therefore, using 
that D n -D" 1- = {0}, we get X = Y. Let us show that the conditions of Theorem 13.61 hold. 

If a 6 iS then there exists XeO such that (D^X)^ = am. Thus, 

a(A tt (a)) = a(X) = w b (X)(X) = 0, 
where, in the last equality, it has been used i) in Proposition 12.31 

Next, assume that a G S satisfies that a(A'(/3)) = for every j3 € S. As a consequence, 

(3.16) a(Y) = 0, 

for every Y G D. But, if ap = u\X)\ D , with X G -D, from ([BTTB]) it is deduced that X G DnD 1 . 
Using (|315j> . A" (a) = X = 0, so ii) in Theorem EE holds. 

Finally, a direct computation shows that the generalized distribution 

p€M -> ?(p) = A fl (5(p)) C T p M, 

associated with the pair (S*, A") is just D, which is involutive by hypothesis. Morever, for every 
leaf L, the M fc -valued two form ojl is just the pull-back to L of u. ojl is clearly closed and the 
nondegeneracy (|2.ip is a consequence of (|3.15p . 

Thus, using Theorem I3T61 (M, S, A") is a poly-Poisson manifold with polysymplectic foliation 

D. 
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4. POLY-POISSON STRUCTURES AND REDUCTION OF POLYSYMPLECTIC STRUCTURES 

As it is well known, one can obtain Poisson manifolds from symplectic manifolds through 
a reduction procedure. Let us recall some details of the process. Let (M, u) be a symplectic 
manifold and G be a Lie group acting freeely and properly on M . If the action : GxM-)M 
preserves the symplectic structure (i.e., $*cj = uj, for all g G G) then the orbit space M/G 
inherits a Poisson structure A in such a way that the bundle projection ir: M — > M/G is a 
Poisson map, that is, A"(-7r(x)) = T x tto {oJ'{x))~ 1 oT*tt, for x G M. A particular example of this 
situation is the following one. If the action of G on Q is free and proper then it can be lifted 
to an action on T*Q which preserves the canonical symplectic structure ujq. The corresponding 
Poisson structure on T*Q/G is the so-called Poisson- Sternberg structure, and it may be seen as 
the linear Poisson structure associated to the Atiyah algebroid on TQ/G (see jl4|). 

We have introduced poly-Poisson structures to play the same role with respect to polysymplec- 
tic manifolds, so it is expected that the reduction of a polysymplectic manifold is a poly-Poisson 
manifold. The next theorem asserts that this is true under certain regularity conditions. 

Theorem 4.1. Let (M, u%, . . . , uj k ) be a polysymplectic manifold and G be a Lie group that 
acts over M (<& : G X M — > M) freely, properly and satisfies &* g Ui = for every g G G 
and i G {1, ...,&}. Suppose that Vtt is the vertical bundle of the principal bundle projection 
7T : M — > M/G and that the following conditions hold: 

i) Im (o) b ) n (Vix) ok is a vector subbundle, where (Vir)° h = (Vir)°x ( k . x(Vir)°. 

ii) (w^p))" 1 {((V p ir) ± ) ok n (y p ir) ok n S(p)) C V p ir, where (Vtt) 1 - is the polysymplectic or- 
thogonal, that is, {Vtt) 1 - = fli=i( a; i)~ 1 ((^ 7r ) ) an d $ ^ s ^ e image of uft , that is, 
S = Im (w b ). 

Then, there is a natural k-poly-F 'oisson structure on M/G. 

Proof. First of all, denote by {T*ir)l : (T^JM/G) -»• (T^)* p M to be k copies of T*tt. 

From the fact that the 2-forms u)\, . . . ,uj k are G-invariant, S is invariant under the lifted 
action 

$( T fc)* : G x {Tl)*M ->• {TlfM 

(g,{ai,...,a k )) -)■ ($*_iai, . . . , $*-ia k ). 

In addition, 7r : S — > M is G-equivariant. 

Now, for every p G M, define the subspace S(ir(p)) of (T^)*^(M/G) given by 

(4.1) S(tt(p)) := {d = (ai, . . . , a k ) G (T^^M/G) | (T^a) G S(p)}. 

Note that the G-invariant character of S implies that 

(7>)*(d) G S(gp) (T;n)l(a) G S(p), V 5 G G. 

Thus, the definition of S(n(p)) does not depend on the chosen point p G M. 

In fact, since (T p *7r)£ ((^^(M/G)) = (l» ofc , it follows that (2£7r)£(#(7r(p))) = S{p) n 
(T/ p 7r) ofe , for all p G M. In particular, S(ir(p)) ^ 5(p) n (Vp7r)° fc . 

Now, using hypothesis i) in the theorem, we have that S n (VTi) ok is a G-invariant vector 
subbundle of (T^)*M. Therefore, S is isomorphic to the quotient vector subbundle 

(5 n {Vtt) ^ /G = (im (u> b ) n (V^) ofc ) /G. 
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Next, define the vector bundle morphism A" : S — > T(M/G) as M(jr(p)) := T p ir o (cj^(p)) 1 o 
(T*ir)\^^^y i.e., M(tt(p)) makes the following diagram commutative 

T p M S(p) 

^■(p) Ml G) S(ir(p)) . 

Note that the G-invariant character of S and of the 2- forms w$ implies that the map M(tt(p)) is 
well defined (it is independent of the base point p G M). 

Let us prove that (S, A") is a poly-Poisson structure on M/G. 

First, condition i) of Definition 13.11 is a direct consequence of the skew-symmetric character 
of the monomorphism of. 

In order to prove condition ii) in Definition 13. 11 take d G S(ir(p)) such that di Im (jy^fo))) = 0- 
From the definition of A" we have 

Im (A«(vr(p))) = (T p7 ro(co\p))-io(T;n)l)(S(7r(p))) 
1 ' ' = {T p 7ro (^(p))" 1 ) (S(p) n (V p ny k ) = (T p ir)(V p ir^. 

Thus, d| Im (AS(7r(p))) = i s equivalent to [(T^7r)fc(Q!)]^y = 0, and, as a consequence, d € 5 

with «iim (A*( T (p))) = if and onl y if 



(T;n)l(a) G (((F P vr)^)° fc n (V p n)° k n 5(p) 
Therefore, Definition 13.1 1 ii) is the relation 

(7> o (^(p))- 1 ) (((VpTr)- 1 ) * n (y p vr) ofc n s{ P )) = o, 

and using that V p tt = Ker (T p ir), this is equivalent to 

(^(p))' 1 (iiV^y" n (F p vr) ofc n 5(p)) c y p vr, 
which is just the second hypothesis in the theorem. 

Finally, we will prove that the integrability condition (|3.ip holds for the couple (S, A"). 

Denote by A" : S C (T^)*M -> TM the isomorphism (w^ 1 and by 

(^r : r((T fe 1 )*(M/G))^r((r fc 1 rM) 

the monomorphism of G°°(M/G)-modules induced by the projection tt between the spaces 
r((T fe 1 )*(M/G)) and r((T 1 )*M) of sections of the vector bundles (T^)*(M/G) -»• M/G and 
{Tl)*M -»■ M, respectively Then, if d,/3 G r((T fe 1 )*(M/G)) it follows that the vector fields 
A"((7r^)*d) and A"((7r^)*/3) are 7r-projectable on the vector fields A"(d) and M0), respectively. 
Moreover, since the couple (S, A* 1 ) is a poly-Poisson structure on M, we deduce that 

[A«((*i)*a), A«((4)*/3)] = (A« o (^)*) (£ AB(d) /3 - £ AB(/5) d - d(/3(A»(d)))) . 

Thus, if we project on M/G using 7r, we conclude that 

[A»(d),A*(/3)] = A« (^ ( - ) ^-£ Al0) d-d( / S(A»(d)))) . 
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Example 4.2 (Reduction of the cotangent bundle of /c-covelo cities associated with a Lie group). 
Let G be a Lie group. The cotangent bundle of fc-covelocities of G, (Th)*G has a canonical k- 
polysymplectic structure (Example 12. 7p . In addition, the action of G on itself by left translations 

L: G x G — > G 

(g,h) -)• L(g,h)=g-h 

can be lifted to an action L^ T k)* on (T^)*G by 

ZK)*: Gx(TfrG -> (Z*)*G 

(g,(ai,...,afc)) -> (£*-iai, ■ ■ ■ , £*-iO!jfc)- 

If we consider the left trivialization of the tangent bundle to G, TG = G x j, and the 
corresponding trivialization (T^)*G = G x g£, g£ = g* x a* xg*, the action (|4.3p can be written 
as 

(4 4) L{nr: Gx ^ 

(g,(h,m,...,ix k )) -> {g-h,m,...,n k ), 

and the associated principal bundle 7r: (T^)*G — > ((Tj^)*G)/G can be identified with the trivial 
principal bundle 7r: G x g£ — > gt. Thus, the vertical bundle takes the expression 

(4.5) = 0, . . . , 0) such that X € T 9 G}. 

Therefore, its annihilator is 

(4-6) (^)( s , m ,..., Mfc ) = {(0,6, £2, ■■■,60 I eg}. 

We will show that the action of G on (T£ )*G = G x g£, endowed with the canonical polysym- 
plectic structure, satisfies the hypotheses of Theorem 14.11 

First of all we are going to compute explicitly the polysymplectic structure on G x g£. For 
this purpose, it is first described the canonical symplectic structure to on T*G = G x g* (see for 
instance, [12]). Using the left translation by g G G we can identify T g G and T*G with g and g*, 
respectively. Thus, we have that T^ gfJ ^{G x g*) = g x g* and T? JG x g*) = g* x g and, under 
these identifications, it follows that 
(4.7) 

" M :T M (G x q*)xT m (G x q*) ^ (qxq*)x(qxq*) — > M 

((6)T"l) ) (6,T 2 )) -> W (9i/ ,)((^i,ri), (£ 2 ,T 2 )) 

= T 2 (ei)-Ti(6) + M[6,6])- 

Therefore, 



(4 ' 8) ^ )M) (^r) = (a^/x-T,0, 



and, as a consequence, J = (£,ad*^[i - r), for (t,£) € g* x g = T^ g ^(G x g*). 

Now, denote by : T'((T 1 )*G) — > (T^)*((T^)*G) the vector bundle morphism associated with 
the polysymplectic structure on (T^)*G = G x g* k . Then, from Eq. (|4.8p and definition of the 
canonical /c-polysymplectic structure on (T£)*G we have 



k ■ 

^(g,Mi J ...,M)^' ri '" ' ' Tfe ) = (^l^ 1 ~ T i'^ '- • • >°)> ( ad |M2 - r 2 ,0,£,0, ... ,0), 



(4.9) 

,. . . , (ad|/ijt - r fc ,0,0, . . . ,£) 
for (£, n, . . . ,Tfc) € g x g£. In addition, using Eq. (|4.9p . it is deduced that 
(4.10) (5 n (Uvr) ofe ) (9iMli ... iMfc) = {((0, CO,..., 0), (0, 0, f , 0, . . . , 0), . . . , (0, 0, 0, . . . , £)) I £ 6 fl} 
which implies that hypothesis i) in Theorem 14. II holds. 
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On the other hand, from Eq. (|4.8p and (|4.9p . we obtain 

( y7r )i, m ,..., Mfc ) = {{i,ad\iii,ad\ii 2 , ■ ■ ■ ,ad\ii k )\i € g} 
and, as a consequence, 

((^ 7r )t Mlr .. >Mfe ))° = {(o^Ml + • • • + o^ fc Atfc, 6, &, ■■•,&) 16 Gfl, »'€{1,..., A:}}. 
Therefore, we deduce that ((^vr)- 10 ^ n (V7r) ofc n Im (w b ))( fl)Mlj ... )Mfc ) is just 
(4.11) {((0, 77, 0, . . . , 0), (0, 0, ly, . . . , 0), . . . , (0, 0,0, ... ,77)) 1 77 G g, od^ = 0, i G {1, . . . , k}}. 
Thus, given an element of ((Vvr)- L °) fc n (Vir) ok n Im (u> b ))(g )Atl ,...^ fe ), 

(^ b )ii,...,/. & ) ((°> ^ °» ■ ■ ■ > °)> (0, 0, 77, . . . , 0), . . . , (0, 0, 0, . . . , n)) = (77, ad* m, ad* ad* fa) 

= (t?,0,0,...,0) 

which implies that this vector is vertical. So, the hypothesis ii) of Theorem 14.11 is satisfied. 
Now, let us give an explicit description of S and A". 

Computation of S: Recall by Theorem 14.11 that S is the subbundle of g£ given by S = 
(s n (Vir) ok ^j /G = (im n (T/^) ofc ) /G. By dUHD and the definition of the action (JO} is 
obvious that the fiber of S at a point /j = (/ii, . . . , /x^) € g£ is given by 

5 M = {((e,o,...,o),(o,e,...,o),...,(o,o,...,o) lees} 

Computation of A": Remember that A" is given by T^g^ir o (^L^)) - 1 o {T* g ^tt)\ So on 
/x = (/ii,...,/i fe ) G g*, given ((£, 0, . . . , 0), (0, £, . . . , 0), . . . , (0, 0, . . . , £)) G ^ 

A^((£,o,...,o),(o,£,...,o),...,(o,o,...,0) 

= (r (9iM) 7r o (a^)- 1 o (T ( ;^ )7 r)i) ((£, 0, . . . , 0), (0, e, . . . , 0), . . . , (0, 0, . . . , o) 

= (T M 7T o (w^)- 1 ) ((0, £, 0, . . . , 0), (0, 0, e, • • • , 0), . . . , (0, 0, 0, ... , £))) 
= r( fl!(U )7r(£, od|//i, aci|/j 2 , • • • , ad|Mfc) 
= (aci|/ii, od|// 2) • • • , 
where we used (|4.9p . 

Note that this poly-Poisson structure coincides with the one obtained using the construction 
of Example 13.91 (see (|3.12|) and (|3.13|) in Remark |3.10|) , Moreover, as a consequence, we have 
that the polysymplectic leaves are just the orbits of the /c-coadjoint action. 

Example 4.3 (Reduction of the cotangent bundle of /c-covelocitites associated with the total 
space of a principal bundle). Let Q be a manifold of dimension n endowed with a free and 
proper action of a Lie group G, * : G x Q — > Q. Let 7?: Q — > Q/G be the corresponding 
principal bundle projection. As we did in the previous example, we can define the lifted action 

^ T l)* : G x (Tl)*Q — > {Tl)*Q 

(g, (ai,...,a fc )) -> (**_!«!,..., **_iO! fe ) 

and this action still is free and proper. Thus, we have the principal bundle tt : {Tj,)*Q — >• 
((T%)*Q)/G and, moreover, ((T fc 1 )*Q)/G T*Q/G0 ®T*Q/G. 

Let us see that the action of G on the polysymplectic manifold (T^)*Q satisfies the conditions 
of Theorem 14. 11 It is clear that the lifted action preserves the polysymplectic structure. In fact, 
since the lifted action of G on T*Q preserves the canonical symplectic structure ujq, the action 
$( T fc)* preserves the polysymplectic structure on (T£)*Q. 



20 



D. IGLESIAS PONTE, J.C. MARRERO, AND M. VAQUERO 



Next, let U be an open subset of Q/G such that 7r 1 (U) is a trivializing open subset of 
Q, that is 7T" 1 (C/) = U x G and the principal action of G on 7r~ 1 (C7) = U X G is given by 
fy(g,(u,h)) = (u,gh), for g G G and (it, /i) <E U x G. As a consequence, (T^ 1 )*(7r~ 1 (?7)) = 
(T^)*U x (T£)*G. Moreover, if w;/ and are the canonical polysymplectic forms on (T^)*U 
and {Tl)*G respectively then the polysymplectic form on P&)*(7r _1 (Z7)) = (T^)*(C7) x (T^)*G, 
is given by u>u x wgr. 

On the other hand, under the identification (T fe 1 )*(^f- 1 (?7)) ^ (T£)*(J7) x (T fc 1 )*G the lifted 
action of G on (r^)*(7f _1 (C/)) is given by 

(4.12) ^)*( 5 ,(5,7)) = (5,L^)*( 9 ,7)), 

for 5 G G and (5,7) G (T^)*([/) x (T fe 1 )*G. Therefore, the quotient space (T fc 1 )*(vf- 1 (?7))/G is 
just (TjJ)*(J7) x gjjl, where it has been used the identification (T^)*G = G x cj£ as in Example 

S3 

Now, we will prove that the polysymplectic structure on (T^)*(7r~ 1 ([/)) ^ (T^)*(C/) x (T fc x )*G ^ 
(r^)*f7 x (G x 0*) and the action of G on (T^.)* (ft' 1 (U)) given by satisfy the hypotheses 

of Theorem 14.11 

In order to check these hypotheses, we split the problem in two parts, the side of (Tl)*U and 
the one of (T£)*G. Using that the intersection of the vertical bundle to tt with T((T£)*U) is 
trivial and the results in the previous Example 14. 2^ we deduce that the hypotheses of Theorem 
ED hold. 

On the other hand, from (|4.ip . it follows that: 

S(*(a)) = {(di,...,fi fc ) G (Tfa^(T*Q/G(B .( fe . ®T*Q/G) \ (T&)l(&i, . . .,&*) G 5(5)}, 
for a G (T^)*Q, where S = Im^) and uJ is the canonical polysymplectic structure on (T£)*Q. 

This implies that S is given by (|3.1ip . Thus, (di, . . . , &k) G S(Tv(a)) if 
&A = (T^)(5 A ), with a A G T*~ m {T*QIG) 

and 

= «B °~ b(s) , for all A and -B, 
it A ■ T*Q/G@ @T*Q/G -> T*Q/G being the canonical projection over the ^th-factor. 

In order to compute A", we have to take into account that, from Theorem 14. 1[ AjL Si = 
T( Ql ,..., afc) vr o ^\ ai _ ak) )~ l o {T{ ai _ akf )\. Moreover, if a A G 2^ (s) (r*Q/G), for all' i, and 
it a '■ T*Q(B ©T*Q — > T*Q is the canonical projection then 

A W( T ^i)(«i)> ■ ■ ■ . (T^k)(a k )) = (T^n o (4)' 1 o ^((TiTn)^), . . . , (T±7r fc )(a fc )). 

The poly-Poisson structure on T* Q/G © ... © T*Q/G is just the one associated to the linear 
Poisson structure on T*Q/G associated to the Atiyah algebroid TQ/G (see Example I3.9p . 

Remark 4.4. Let Q be an arbitrary manifold of dimension n. Then, the frame bundle tt: LQ — > Q 
is endowed with a polysymplectic structure (see Example (231) and, moreover, it is an open subset 
of (T^)*Q, and the restriction of the polysymplectic structure on (T^)*Q is just — di? (see Remark 

EH}. 

If G is a Lie group acting freely and properly on Q then G acts on (T^)*Q. In addition, LQ 
is stable under this lifted action (note that, since *$> g : Q — >• Q is diffeomorphism for any g G G, 
T^/ g : T q Q — > T^, (g)Q is an isomorphism). Thus, from Theorem 14.11 the quotient space LQ/G 
is a poly-Poisson structure. But a simple computation shows that LQ/G is just the set 

{u: R n -> (TQ/G)[ q ] linear isomorphism | [g] G Q/G}, 
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that is, LQ/G is L(TQ/G), the frame bundle associated to the Atiyah algebroid TQ/G. The 
computations in Example 14.31 allow to conclude that the poly-Poisson structure on LQ/G ob- 
tained from the reduction procedure is the poly-Poisson structure on L(TQ/G) from Example 

EHJ 

Appendix: Lie algebroids and fiberwise linear Poisson structures 

We will review some basic facts on Lie algebroids and fiberwise linear Poisson structures (for 
more, details, see [T4]). 

A Lie algebroid is a real vector bundle te '■ E — > Q of rank n over a manifold Q of dimension 
m such that the space of sections T(E) admits a Lie algebra structure {-,-Je and, moreover, 
there exists a vector bundle map pe- E — > TQ, the anchor map, such that if we also denote by 
Pe- T(E) — > X(Q) the corresponding morphism of C°°((5)-modules then 

[A, fYj E = flX, Y\ E + PE (X)(f)Y, 

for X,Y G F(E) and / G C°°(Q). 

The previous conditions imply that pe is a Lie algebra morphism, that is, 

Pe{X,Y\ e = [pe{X),pe{Y)\, for X, Y G T(E). 

Some examples of Lie algebroids are the tangent bundle to a manifold Q and a real Lie algebra 
of finite dimension. 

Let ([•, -}e,Pe) be a Lie algebroid structure on a real vector bundle te - E — >• Q. If (q 1 ) are 
local coordinates on an open subset U C Q and {e a } is a local basis of T(E) then 

• d 

PE(e a ) = Pag-;, l e a, ef)\E = C^&y, 

with |0Q,CXg G C°°(U) the local structure functions of -E with respect to the local coordinates 
(q l ) and the local basis {e a }. 

The local structure functions satisfy the the local structure equations on E 

ci/ciic(o,/3,7) 

Let te* ■ E* — > Q be the dual bundle to a Lie algebroid te - E —?■ Q. Then, admits a 
fiberwise linear Poisson bracket {-,-}e* which is characterized by the following relations, 

{X,Y} E * =-[AV?k {/or B .,y} B . =^(F)(/)or £ ,, 
{/ ° Tzs* j S ° t~e* } e* = 0, 

for X,Y G r(£) and G C°°(Q). Here, if Z G T(E) we will denote by Z: E* -> E the 
corresponding fiberwise linear function on 

Let be local coordinates on an open subset U C Q and {e a } be a local basis of T(r^ 1 ([/)). 
Denote by (q l ,p a ) the corresponding local coordinates on £7*. Thus, 

= -e^gP 7 , {q\Pa}E* = P a , {<?W}£* = 0. 

Therefore, if A^;* is the corresponding Poisson 2-vector on E* , it follows that 

(A-2) AUtf) = Pa-^, At(dp a ) = -04 A + e> 7 A). 

Remark A. 5. i) The fiberwise linear Poisson structure on T*Q induced by the standard 
Lie algebroid structure on TQ is just the canonical Poisson structure on T*Q induced 
by the canonical symplectic structure on T*Q. 
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ii) If g is a real Lie algebra of finite dimension then the linear Poisson structure on g* is 
just the Lie-Poisson structure. 

Remark A.6. Suppose that ua 6 E* and ola € T* a E*, with A € {1, 2} and q € Q. Using (|A.2|I . 
we deduce that 

(A.3) (T Ql r s »)(A^(Si)) = (r a2 r£;*)(A^(52)) «i ° ai °Pe|t*q = «2 ° X 2 °Pe|t*Q 5 

where p^: T*Q — s> i£* is the dual morphism of the anchor map pe- E — > TQ and E* — > 
T aA E* is the canonical isomorphism between and T QA i£* . We remark that 

«aM<*)) = 4r ' for /3 6 {!,..., n}. 
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